Abstract. Let X be a Fano manifold. A result by Shokurov states that in dimension three the linear system | − K X | is non empty and a general element D ∈ | − K X | is smooth. In dimension four, one can construct Fano varieties X such that every such D is singular, however we show it has at most terminal singularities. We then determine an explicit local expression for these singular points.
Introduction
A Fano manifold is a projective manifold X with ample anticanonical divisor −K X . In this paper we characterize the singularities of general divisors in the complete linear system | − K X |, in the case where the dimension of X is equal to four. We sometimes refer to these objects as general elephants, a terminology introduced by Miles Reid in [18] .
One of the central results on the anticanonical system in dimension three is the following: Theorem 1. [19] Let X be a smooth Fano threefold. Then the anticanonical system | − K X | is not empty and a general divisor D ∈ | − K X | is a smooth K3 surface.
A key observation in the proof of this theorem is that if Bs| − K X | = ∅, then it is isomorphic to P 1 . The result was a fundamental step in the classification of Fano threefolds of Picard rank one, which, together with the work of Mori and Mukai in [17] , provided a complete classification of Fano manifolds in dimension three.
The methods used in proving Threorem 1 are not generalizable in higher dimensions since they rely on the geometry of K3 surfaces. Moreover, its statement does not hold in its current form if X is a fourfold, as shown in [8, Ex. 2.12] , an example where each general D ∈ | − K X | is not even Q-factorial. A correct generalization would be that in which the type of singularities appearing on such a threefold D become smooth if D is a surface.
In this paper we prove the following result:
Theorem 2. Let X be a four-dimensional Fano manifold and let D ∈ | − K X | be a general divisor. Then D has at most terminal singularities.
Theorem 2 is indeed the natural generalization of Theorem 1 in dimension four, and it relies on and improves the following existing results concerning the geometry of a general elephant: 1) h 0 (X, −K X ) ≥ 2. 2) D is irreducible. In particular, this implies that Bs| − K X | is at most a surface.
3) D has at most isolated canonical singularities.
Although terminal Gorenstein singularities of threefolds are a well understood class, the statement of Theorem 2 may be further refined: while there only exists a finite number of deformation families of Fano varieties in dimension four, the classification of threefolds with isolated terminal singularities provides an infinite amount of examples. In particular, this result is consistent with the case of [8, Ex. 2.12] , which is a singularity of the first type. We do not yet know of any examples of the second type of singularity on a general elephant.
For the proof we need to consider the geometry of the ambient space together with the fact that the threefolds belong to the same linear system inside it. We begin the analysis of these isolated terminal points by separating the discussion into two cases relative to the geometry of all general elements in | − K X |: fixed and moving singularities. Specifically, either a point x ∈ Bs| − K X | is singular on all the general elephants or there exists a subvariety V ⊂ Bs| − K X | of strictly positive dimension along which these singularities move. We further separate both of these cases according to the rank of the degree two part of a local expression of D and obtain the result in Theorem 4.
The fundamental tool in the proofs of both Theorem 2 and 4 is the following inequality:
a i + 1 ≥ 2r i where, given a resolution µ : X → X of Bs| − K X |, we denote by a i the discrepancies of each exceptional divisor E i with respect to (X, 0) and by r i the coefficients of E i in µ * D (cf. Notation 6). We prove this in Proposition 9 with techniques using singularities of pairs and multiplier ideals. The inequality straightforwardly implies the terminality result for all cases except a i = r i = 1, which we show does not in fact occur. It also allows us to systematically eliminate most of the cases leading to the statement of Theorem 4, providing the necessary liaison between the geometry of X and that of D. The general strategy of the proof is to explicitly build a sequence of blow-ups, starting from a center in X containing either the fixed singularities or the subvariety V , that ultimately contradicts the above inequality and provides a contradiction.
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Terminality
Definition 5. Let X be a normal, integral scheme and
where E ⊂ X are distinct prime divisors and a(E, X, D) ∈ R, the discrepancy of the pair (X, D) is:
We say that X has terminal singularities if discrep(X, 0) > 0.
Notation 6. Let X be a projective manifold. Given a resolution µ : X → X of the
E i is its exceptional locus and D ∈ | − K X | is a general element, we then write:
• |µ
r i E i , where D is the strict transform of D and r i > 0 for i ∈ {1 . . . m},
a i E i , where a i > 0, for all i ∈ {1 . . . m}.
These coefficients will be extensively used throughout our proofs. 
which means that the discrepancy of (D, 0) is inf i {a i − r i |E i is µ-exceptional}. As by Proposition 3,3) we already know that this is non-negative, the aim of what follows is to show that the discrepancy of this pair is non-zero. Note that since we have considered a log resolution, the intersection E i ∩ D is reduced for all i ∈ {1 . . . m}. We further argue that the inequality in condition (1) is sufficient in order to obtain terminality. Indeed, the only case in which this doesn't imply a i − r i > 0 is if both a i and r i are equal to one.
Since the coefficients do not depend on the choice of the resolution, we can assume that we have been working with one in which all blow-ups were made along smooth centers.
Claim: We can only obtain a i = 1 for a certain i ∈ {1 . . . m} if codim X µ(E i ) = 2.
Without loss of generality, we can assume we obtained this coefficient by doing the very last blow-up of the resolution, denoted by µ m :
Having a m = 1 implies λ = 1 and ν i = 0 ∀ i, which proves the claim since the former condition shows that µ m (E m ) is exactly of codimension two in X m−1 , while the latter signifies that ψ does not contract µ m (E m ).
As codimψ(E i ) = 2 implies that the intersection E i ∩ D is not µ| D -exceptional, this divisor does not contribute to the discrepancy of the pair (D, 0) as computed in (2) . Together with condition (1) this proves that the discrepancy can never be zero, therefore a general elephant D has at most terminal singularities.
Separating strict transforms
We now provide the set-up for the discussion describing the local equations of these singular points.
Notation 10. Let |L| be a linear system on a projective manifold X and let D be an effective prime divisor on X. We denote by |L| D the linear system on D given by the image of the restriction morphism:
We obtain a linear system on D that will not only be determined by the intrinsic properties of D, but which fundamentally depends on the behavior of |L| on X. An immediate consequence of this is:
Notation 11. Given a linear system |L| on a projective variety X and a point x ∈ Bs|L|, denote by |L| x the following closed subset of |L|:
Lemma 12 (Tangency lemma). Let X be a projective manifold and let |L| be a linear system on X. Let x ∈ X be a point in Bs|L| such that codim L |L| x = 1. Then the tangent spaces at x of all divisors in |L| \ |L| x coincide.
Proof. Let D 1 , D 2 ∈ |L| \ |L| x be two divisors and denote by P := D 1 , D 2 the pencil that they generate. As |L| is a projective space, any intersection between a codimension one subset and a line is non-empty, thus there exists a divisor D ∈ |L| x ∩ P . If f i are local equations of D i around x, there exist two scalars λ, η ∈ C such that D is given by:
We differentiate and obtain
and as D is singular at x, the left hand side vanishes at this point. On the other hand, both ∇f 1 (x) and ∇f 2 (x) are nonzero, thus they must be proportional. This is the same as saying that the tangent spaces of D 1 and D 2 coincide at the point x.
Remark 13. Throughout this article, we use the lemma above in two particular cases:
• there exists a curve C ⊂ X such that for all D ∈ |L| there exists a point x ∈ D sing ∩ C and the union of these points is dense in C.
• there exists a surface S ⊂ X such that for all D ∈ |L| there exists a curve C ⊂ D sing ∩ S and the union of all such curves is dense in S.
We show that the first case satisfies the hypotheses of Lemma 12. The second case is similar.
0 , x ∈ D sing } the universal family over |L| 0 and take p 1 and p 2 to be the projections on the first and second factor respectively.
Since every D ∈ |L| 0 has an isolated singularity we have that p 1 is a finite morphism and the fiber of p 2 over a point x ∈ C ∩ D sing is |L| x . As p 2 is dominant, we obtain that dim|L| = dim U = dim|L| x + dimC = dim|L| x + 1.
Notation 14. In what follows, if
is a sequence of blow-ups, we set |L 0 | = | − K X | and we recursively define |L i | as the linear system on X i spanned by the strict transforms of general elements in |L i−1 |. The index i is a good way to keep track of the level that we are on: as before, exceptional divisors of µ i are denoted by E i , while members of
We begin to examine the local picture around a singular point of a general elephant. In order to obtain the equations in Theorem 4, we construct a sequence of blow-ups contradicting condition (1) until we are only left with the possibilities in the statement. The choice of the first blow-up depends on the nature of the singular point relative to the entire linear system | − K X |. Essentially, there are two possible cases: fixed and moving singularities.
3.1. Fixed singularities. Let X be a four-dimensional Fano manifold and suppose that there exists a point x ∈ X such that for all D ∈ | − K X | we have x ∈ D sing . The point x is called a fixed singularity of the linear system | − K X |.
We organize the singularities of a general elephant according to the rank of the hessian of a local equation, using the Morse Lemma for holomorphic functions: Lemma 15. [2, Thm.11.1] There exists a neighborhood of a critical point where the rank of the second differential is equal to k, in which a holomorphic function in n variables can locally analytically be written as:
where the second differential of g at zero is equal to zero, that is g is at least of degree three in the variables x k+1 , . . . , x n .
Here is the main result of this section:
Theorem 16. Let X be a four-dimensional Fano manifold and suppose that there exists a point x ∈ X such that for all D ∈ | − K X | we have x ∈ D sing . Then around this point each general elephant is defined by an equation of one of the following two forms:
Throughout the proof we repeatedly use the following lemma:
Lemma 17. Under the assumptions of Theorem 16, let µ 1 : X 1 → X be the blow-up of X at the point x and E 1 its exceptional divisor. Denote by |L 1 | the linear system on X 1 spanned by all the strict transforms
Proof. Suppose that dim(Bs|L 1 | ∩ E 1 ) = 3. This implies that E 1 is a fixed component of each D 1 , a contradiction since a strict transform doesn't contain the exceptional divisor.
If Bs|L 1 | ∩ E 1 contains a surface S, let µ 2 : X 2 → X 1 be its blow-up and E 2 the unique exceptional divisor mapping onto S. We compute the discrepancies a i and the coefficients r i , for i = 1, 2, as introduced in Notation 6.
The dimensions of the centers give us that:
where F consists of other exceptional divisors not mapping onto S. As E 1 is smooth along S, we have that µ * 2 E 1 = E 1 + E 2 , thus obtaining a 1 = 3 and a 2 = 4. The computations of the r i depend on the multiplicity of x on D, which we denote by m 1 ≥ 2 since D is singular at x. Set m 2 ≥ 1 to be the multiplicity of D 1 along S, then the coefficients are:
is strictly larger than a 2 + 1 = 5, hence by condition (1) we obtain a contradiction.
Definition 18. We give three alternative definitions of the same concept:
• Let D be a divisor on a smooth variety X and take a point x ∈ D. The tangent cone of D at x is the variety Spec(gr m O D,x ), where
and m is the maximal ideal of O D,x • If locally we assume that x is the origin and that D is given by the ideal I, this is also the variety whose ideal is in(I), the initial ideal associated to I. Geometrically, this corresponds to the union of the tangent lines to D at the point x.
• Let µ : X 1 → X be a blow-up at a point x ∈ X, let D 1 be the strict transform of D and E the exceptional divisor. The tangent cone is then isomorphic to
As we apply the Morse Lemma, the second interpretation says that the tangent cone is always given by the quadratic terms of a local equation of the general elephant. Combining this with the third interpretation will allow us to derive information on the singularities of blow-ups.
Proof of Theorem 16. Theorem 2 states that D is terminal, and by the classification of terminal singularities (refer to [16] , [18] and [13] ) we obtain that the singularity is a point of multiplicity two on D. We analyze each of the cases in the Morse Lemma. Namely, we are in one of four situations corresponding to the rank of the hessian of a local expression of D:
Rank one: By Lemma 15, a general member of D ∈ | − K X | is locally given by: Rank two: In this case, the equation of a general D ∈ | − K X | is the following:
where again g is of degree three or higher. The tangent cone is singular, this time along the line l D1 = [0 : 0 :
Note that there is no immediate contradiction, since by Lemma 17 the intersection Bs|L 1 | ∩ E 1 can be a curve C. By Bertini's Theorem the curve C contains l D1 as an irreducible component. Since there are only finitely many irreducible components of C and an infinite numbers of strict transforms, the tangent cones are in fact singular along the same component C 1 , that is the line l D1 is independent of the choice of D.
First suppose that a general D 1 ∈ |L 1 | is singular along C 1 and denote its multiplicity by m ≥ 2. Blowing up X 1 along C 1 and arguing as in the proof of Lemma 17 we obtain the coefficients a 2 = 5 and r 2 = m + 2, which contradict condition (1).
Thus both D 1 and E 1 are smooth at the generic point of C 1 and their intersection is a surface S which is singular along C 1 . This is precisely the previously mentioned tangent cone. As S is singular and both J E1 | C1 and J D1 | C1 are of maximal rank, we obtain that
Let µ 2 : X 2 → X 1 be the blow up of X 1 along C 1 , let E 2 be its exceptional divisor and set µ = µ 1 • µ 2 . We obtain the following coefficients:
where D 2 and E 1 are the strict transforms of D 1 and E 1 respectively. Take two distinct general divisors D 1 , D 1 ∈ |L 1 |. As they are tangent at the generic point of C 1 , its blow-up µ 2 will not separate their strict transforms D 2 and D 2 . Explicitly, on X 2 we have the surfaces
which coincide as the normal sheaves are the same by the commutative diagram:
Thus the two strict transforms intersect along a surface S ⊂ X 2 . Similarly, using that We show that in fact every general D 1 is smooth, allowing us to conclude that k = 3. This is essentially done by contradiction and using the same sequence of blow-ups as in rank two, only this time we need to be more precise in order to obtain the tangency condition.
Step 1: Assume k > 3 and thus each general D 1 ∈ |L 1 | is singular. Then these singularities are contained in the same irreducible component of C. As in the previous case, this is immediate since we have a finite number of irreducible components and an infinite number of divisors. Denote this component by C 1 .
In what follows, let
to be the universal family over |L 1 | 0 and denote by p 1 and p 2 the projections on its two components.
Step 2: Two general members of |L 1 | 0 are not singular at the same point of the curve C 1 . Choose the first general member D 1 ∈ |L 1 | 0 and let x 1 ∈ C 1 be its singular point. The set
is a fiber of p 2 , so it is closed. First observe that this set cannot be dense. Otherwise, every general element D 1 ∈ |L 1 | 0 would be singular at c 1 , say of multiplicity m ≥ 2. Then by blowing up X 1 at c 1 one would obtain a contradiction to condition (1), since a 2 = 6 and r 2 = 2 + m ≥ 4. Hence F 1 is closed, but not dense, and by generality we can choose D 1 in its complement, this way making sure that its singular point does not coincide with c 1 .
Step 3: Having fixed D 1 and D 1 as above, let P := D 1 , D 1 to be the pencil that they generate. Then the singular loci of the members of P cover the entire curve C 1 . The set
is a closed subset of U, and by Step 1 the second projection p 2 : U → X 1 maps it onto a closed subset of C 1 . Using Step 2 and the continuity of p 2 , we conclude that its image must be all of C 1 .
Step 4: We obtain a contradiction and conclude that k = 3.
By Remark 13 we obtain that
Similarly to the rank two case, we blow up X 1 along C 1 and because we have the following exact sequences:
we deduce the fact that the strict transforms D 2 and D 2 intersect along a surface S. However, contrary to the rank two case, here the strict transform of E 1 does not contain S since the tangent cone is smooth at the generic point of C 1 .
By doing the same blow-up of X 2 along S and using that S ⊂ E 1 we again arrive at a contradiction of condition (1) as the coefficients are a 3 = 6 and r 3 = 4.
Rank four: This case does occur, and it is precisely the one illustrated in the example [8, Ex. 2.12] mentioned in the introduction. Together with the only possible case in rank three, this proves the theorem.
Note that throughout the proof, despite having started with a fixed singularity of | − K X |, we have come across singularities of elements in |L 1 | "moving" along a curve C 1 . We now see what happens if that had already been the case for | − K X |.
Moving singularities.
As usual, X is a four-dimensional Fano manifold. Proposition 3,3) states that all general elephants have isolated singularities. Consider the set Theorem 19. Let X be a four-dimensional Fano manifold and using the terminology above suppose that | − K X | has moving singularities along a curve C 0 . Then around this point each general elephant is defined by an equation of the form:
Just as we have done previously, a good approach is to start by blowing up the singular locus, the difference being that instead of focusing on a single point and a specific divisor, we must consider the linear system as a whole.
Global geometric context: As a general elephant D moves through the anticanonical system, its isolated singularities describe a curve C 0 . By Remark 13 we have that T D | C0 gen is independent of D ∈ | − K X |. This means that by blowing up C 0 all strict transforms of general elephants will have a surface in common. Denote this blow-up by µ 1 : X 1 → X, the exceptional divisor by E 1 and the common surface by S 1 . By Bertini's Theorem, if a general divisor D is singular at a point x ∈ C, then
where D 1 is the strict transform of D and P 2 is the projective plane in E 1 mapping onto x.
Note that after this step the coefficients in Notation 6 are a 1 = 2 and r 1 = 1.
Local coordinates: The purpose of this discussion is to find a way to check if the strict transform of a general elephant is singular, and then to analyze its singularities.
For simplicity, start by choosing coordinates on an open set U such that C 0 is given by:
and single out two general elephants: one denoted by D, which is singular at the origin and the second, denoted by D, which is smooth inside U . By restricting U we may assume that the origin is the only singular point of D and, up to a coordinate change, that the local equation of D is precisely
This choice of coordinates, convenient for obtaining a straightforward expression of µ 1 , comes at the expense of the precise form of D given by the Morse Lemma in Section 3.1.
Denote by µ 1 : U 1 → U the blow-up of U along C 0 . We choose the chart on U 1 given by
and the following local coordinates on it:
Note that in this chart µ 1 is given by
the exceptional divisor E 1 has the equation u 4 = 0 and the projective plane above the origin has the equations u 1 = u 4 = 0.
The surface D 1 ∩ E 1 has two irreducible components: S 1 , the surface that is common to all general elements in |L 1 |, and the P 2 above the origin. By intersecting them, we obtain a curve, denoted by C, which will contain the singularities of D 1 . Since the singular point of D is outside of U we have that S 1 = D 1 ∩ E 1 . It is then easy to deduce that the local expressions of S 1 and C are
If f is the local equation of D, write f = q + h where q is the quadratic part of f and h contains higher order terms. Denote by M D = (m ij ) 1≤i,j≤4 the matrix of q viewed as a quadratic form. This is a symmetric matrix whose double is equal to the hessian matrix of f at the origin.
As the tangent spaces of D and D coincide at every point of C 0,gen , the jacobian of f is proportional to the vector (0 0 1 0) at each point x ∈ C 0,gen . We deduce that f does not contain monomials of type x This matrix will be the main object of study in our case-by-case analysis.
Proof of Theorem 19.
We proceed to eliminate all cases in which the rank of M D is less than four. We separately analyze the cases corresponding to different ranks of M D . The aim is to prove that rank four is the only possibility.
Rank one: This case doesn't occur because by Theorem [14, Thm. 4.4 ] each moving singularity is of type cA, meaning that its degree two part is at least of rank two as a quadratic form.
Rank two: First we show that D 1 is singular at C gen , i.e. that all the coefficients of the degree two equation in (4) By Remark 13, this implies that all elements in D 1 ∈ |L 1 | are tangent along S 1 . If we blow-up U 1 along this surface, the strict transforms of these divisors will have a surface in common, that is in its generic point defined by P(N * S1/D1 ). Denote it by S 2 . We construct a series of blow-ups as follows:
where µ 2 and µ 3 are the blow-ups of U 1 along S 1 and of U 2 along S 2 respectively. By computing the coefficients a 2 = a 1 + 1 = 2 + 1 = 3 r 2 = r 1 + 1 = 1 + 1 = 2 and a 3 = a 2 + 1 = 4 r 3 = r 2 + 1 = 3
we obtain an immediate contradiction to condition (1).
Rank three: All of the coefficients of the equation m 44 u , namely
Thus if M D is of rank three, the strict transform D 1 has exactly one singular point, the same being true for all general elephants. This means that the linear system of strict transforms |L 1 | also has singularities that are moving inside of S 1 . In order to show that these singularities will not cover the entire surface it suffices to prove that Bs|L 1 | has a reduced structure at S 1 (see discussion in Section 3.2.2 for details). This becomes apparent when we look at the local equations: since as before m 44 , m 24 and m 22 cannot be all at once equal to zero, the equation of
at least one of the monomials u 3 u 4 , u 2 3 u 4 or u 4 , thus this intersection only contains S 1 = {u 2 = u 4 = 0} with multiplicity one.
The singularities of general divisors in |L 1 | must then move along a curve C 1 ⊂ S 1 . By Remark 13, all elements of |L 1 | must be tangent along C 1 . We want to explicitly construct the blow-up of U 1 along C 1 and at the same time keep track of the singular points of D 1 .
We need to control the rank of the singularity of D 1 in order to understand whether we have improved the initial situation by doing the first blow-up. We do a coordinate change that brings the singular point onto the origin:
and we denote by M D1 = (p ij ) 1≤i,j,≤4 the matrix of its degree two part as a quadratic form. Again, if f 1 is a local equation of D 1 , let f 1 = q 1 + h 1 , where q 1 is the quadratic part of f 1 . We claim that p 12 = m 13 and M D1 is of the form:
Indeed, take an arbitrary monomial of f and trace it throughout the first blow-up and the coordinate change:
Note that m 1 splits into d 4 + 1 monomials of degrees
Step 1: p 22 = p 23 = p 33 = 0. A monomial in m 1 contributing to M D1 will be of degree two and it follows from the expression above that there will be none of type u . Indeed, for all of these monomials we have d 3 + k = 2, automatically increasing the total degree to at least three.
Step 2: p 13 = 0. The monomial u 1 u 3 can only be obtained if d 1 = 1 and k = 1, while all other powers are zero. This implies d 4 = 1 and d 3 = d 2 = 0, thus the coefficient of u 1 u 3 is 2m 14 = 0.
Step 3: p 12 = m 13 As in the previous step, we obtain that the coefficient of u 1 u 2 is 2m 13 .
Step 4: p 34 = 0. The monomial u 3 u 4 can be obtained from either x 2 x 4 or x Step 5: p 11 = 0. The contributions to p 11 come from monomials of the form x This proves the claim. We have thus obtained a much simpler matrix M D1 after the first blow-up, though its rank can still be equal to three.
We now construct the second blow-up. Since we cannot change coordinates while maintaining the format of M D1 , we will consider an arbitrary curve in S 1 passing through the origin and denote it by C 1 . This curve is smooth at the origin because of the general choice of D. Locally it is given by:
where g is an arbitrary holomorphic function such that g(0, 0) = 0.
Denote by µ 2 : U 2 → U 1 the blow-up of U 1 along C 1 . One of the charts on U 2 is given by
and we choose the following local coordinates on it: v 1 := t 1 , v 2 := t 2 , v 3 := u 1 and v 4 := u 3 . The chart becomes:
In this chart the exceptional divisor E 2 is given by g(v 3 , v 4 ) = 0 and the projective plane above the origin has the equations v 3 = v 4 = 0. The strict transform of E 1 , denoted by E 1 , is given by v 2 = 0.
Denote by D 2 the strict transform of D 1 through µ 2 . We will show that D 2 is singular at the origin and we will compute the rank of M D2 at this point.
Consider an arbitrary monomial in f 1 , denoted by
A short computation shows that the partial derivatives of m 2 vanish at the origin.
If the origin is not an isolated singular point, we are done. Indeed, if D 2 is singular along an entire curve, by Remark 13 all elements in |L 2 | are tangent along a surface denoted by S 2 . We construct the following blow-up sequence:
where U 3 = Bl S2 U 2 and U 4 = Bl S3 U 3 , where S 3 = P(N * S2/D2 ) is the surface that the strict transforms of elements in |L 2 | have in common. The coefficients are:
, a 3 = a 2 + 1 = 5 r 3 = r 2 + 1 = 3 and a 4 = a 3 + 1 = 6 r 4 = r 3 + 1 = 4 , a contradiction to condition (1) . Assume now that the origin is an isolated singular point of D 2 . Then it is neither a fixed singularity for the system |L 2 | nor is it a moving singularity along a surface. Indeed, a short computation shows that D 2 is smooth at the origin and Proposition 20 allows us to eliminate the surface case if Bs|L 2 | has a reduced structure at S 2,gen . If this is not the case, all elements in |L 2 | are tangent along S 2 and we repeat the sequence of blow-ups above in order to derive a contradiction.
We now proceed to determining the rank of this singularity. If a monomial in m 2 is of degree two then d 2 + d 4 = 1 and d 1 + d 3 = 1, in particular it comes from certain degree two monomials in f 1 . Using that M D1 is of the form in (5), we obtain that M D2 is of the following form:
This is a rank two matrix, therefore we can apply the same strategy as in the previous case. The coefficients will not be exactly the same since we have already blown up two subvarieties, we will however obtain the same type of contradiction.
For this we need to construct a sequence of five blow-ups:
o o where as before U 1 = Bl C0 U and U 2 = Bl C1 U 1 . The morphisms µ 3 , µ 4 and µ 5 will be the blow-ups along a curve C 2 and two surfaces denoted by S 3 and S 4 respectively. The choices of the centers are straightforward, we proceed exactly as in the previous rank two case: · C 2 ⊆ U 2 is the curve along which the singularities of general members of |L 2 | move, · S 3 ⊆ U 3 is the surface along which general members of |L 3 | are tangent, · S 4 ⊆ U 4 is the surface in Bs|L 4 | that exists because of this tangency.
The only thing we need to additionally keep track of is the interaction between the exceptional loci.
We briefly come back to the local picture in order to eventually describe µ 4 . The first observation is that the origin belongs to both divisors E 2 and E 1 , the strict transform of E 1 through µ 2 . As the sequence of blow-ups does not depend on the coordinate choice, we have just used a local computation to show that the singular point of the strict transform of a general D ∈ | − K X | belongs to E 1 ∩ E 2 . The same must be then true for the curve formed precisely by these singular points, that is to say C 2 .
We claim that the only exceptional divisor that S 3 belongs to is E 3 . Indeed, a short computation shows that
where D 2 is the strict transform of D through µ 1 • µ 2 . As T D2 | C2,gen = T D2 | C2,gen by Remark 13, this proves that the divisor E 4 will be disjoint from all strict transforms of E 1 and E 2 , but will have a surface in common with E 3 . At this stage, the coefficients are:
, a 3 = a 1 + a 2 + 2 = 8 r 3 = r 1 + r 2 + 1 = 4 and a 4 = a 3 + 1 = 9 r 4 = r 3 + 1 = 5 , which doesn't yet allow us to conclude. The fifth blow-up is of the surface S 4 ⊂ E 4 defined above, which may or may not also be included in E 3 . The two cases both lead us to a contradiction to condition (1): This is a degeneration of the previous situation and as such will be easier to exclude. Geometrically, the condition says that the intersection D 1 ∩ E 1 has a non-reduced structure along the P 2 above the origin. As before, we have that
The problem here is that D 1 may be singular outside C: if we restrict the jacobian of D 1 just to the P 2 above the origin, we obtain .4] implies it should be at least equal to two. The former also leads to a contradiction: we have that M D is of rank two and D 1 is singular along a curve. We perform the same blow-ups as in the rank two case and obtain the coefficients a 3 = 4 and r 3 = 3 which contradict condition (1).
3.2.2.
The surface case. Now that we have discussed the situation where the singularities of general elements in | − K X | move along a curve C, we claim that this is the maximaldimensional case that we need to consider. Specifically, in what follows we show that the set {x ∈ D sing |D ∈ | − K X | 0 } cannot contain a surface: we prove that if Bs| − K X | contains a reduced surface S, then in fact the singular points of all general D ∈ | − K X | 0 belong to a curve included in S. We are only concerned with the smooth points x ∈ S, since the singular ones already belong to a subset of the desired codimension. Fix a general element D ∈ | − K X | 0 that is singular at x. The divisor S ⊂ D is not Cartier at x, as otherwise all points in D sing ∩ S would be singular points of S. Since every M ∈ | − K X | D is Cartier at x we see that there exists another component R ⊂ M with x ∈ R. We can then decompose | − K X | D as follows: 
) ) Proposition 20. Let |L| be a linear system without fixed components on a projective four-dimensional manifold X. If S ⊂ Bs|L| is a reduced surface and all general elements in |L| are smooth in codimension one, then the set W = {x ∈ D sing | D ∈ |L| 0 } ∩ S is at most of dimension one.
Proof. Since every x ∈ W is either a singular point of S or belongs to Bs|R D | ∩ S by the previous discussion, it is enough to show that S ∩ Bs|R D | S. Indeed, suppose S ⊂ Bs|R D |, then we can write
meaning that for every D ∈ |L| we have that D ∩ D contains 2S. This is equivalent to Bs|L| having a non-reduced structure at S gen , which contradicts the hypothesis.
Proof of Theorem 4. We now check that the hypotheses of Proposition 20 are true for a four-dimensional Fano manifold X and the anti-canonical system | − K X |. Suppose for a contradiction that Bs| − K X | has a non-reduced structure along an irreducible surface S. By We then apply Proposition 20 and conclude that the anticanonical system | − K X | either has fixed singularities or singularities moving along a curve. By Theorem 16 and Theorem 19, we obtain that locally analytically these points are of the form: 
